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Computational Method for Optimization of Structural Shapes

J. W. Hou,* J. L. Chen,t and J. S. Sheent
Old Dominion University, Norfolk, Virginia

In the direct method of shape optimum design, mesh regridding is a necessary step in avoiding the distor-
tion of finite element grids. The effect of internal-nodal movements on the shape design sensitivity associated
with the regridding process has been carefully examined in this paper. It shows that to maintain computa-
tional accuracy, the effects of internal-nodal movement should be considered in shape design sensitivity
analysis. To take the internal-nodal movement into account, the numerical accuracy of the speed method is in-
vestigated. A new approach, which constructs the velocity field over the element domain, is presented. Al-
though it takes more computational time, the new approach does improve the accuracy of shape design

sensitivity.

1. Introduction

ESIGN sensitivity analysis studies the effect of change
of design variables on the response measures of struc-
tural systems. The design variables may be thickness, length,
Young’s modulus, etc. The response measures may be dis-
placement, stress, temperature distribution, etc. The shape

design sensitivity analysis concerns situations in which the-

shapes of structural components are taken. as design
variables, Design sensitivity analysis provides a very useful
tool to engineers, who can predict the effect of design
change based on design sensitivity information. It is also
known that sensitivity analysis plays an important role in the
iterative optimum design scheme.

In the literature, there are three approaches commonly
used to perform the shape design sensitivity analysis, i.e., the
direct difference approach,! the finite dimensional ap-
proach,?? and the material derivative (or speed) method.*?
Once the shape design sensitivity is calculated, any gradient-
based optimization algorithm can then be used to determine
the optimum shape iteratively. One important feature for
such an iterative shape optimum scheme is the rearrangement
of the finite element mesh. At each iteration, the location of
internal nodes will be relocated so that the distortion of the
finite element mesh can be avoided. Such nodal relocation
can be determined by the meshing optimization algorithm or
certain strategies provided by the designer according to the
perturbation of the design variables defined along the boun-
dary. To take the effect of internal-nodal movements into
account, the numerical accuracy of the speed method will be
investigated, and a new approach is also included to improve
the speed method for the calculation of shape design sen-
sitivity in this presentation.

To consider the shape change of the domain, one may in-
troduce a time parameter ¢ into the domain deformation pro-
cess to trace the motion of the particle within the domain. In
other words, the new position x, of any particle in the do-
main can be expressed as a function of its original position x
and time parameter ¢. This is, of course, similar to the
material description in the continuum mechanics:

x(2) =x(xy1)
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and
= o) M
X=— =v(x
dr li-o ¢
where v(x,) is the velocity.
Since the solution of state equations varies due to the
change of boundary shapes, the state variable z depends on
the time parameter explicitly as well, i.e.,

z(x, t) =z2(x(1),1)

Assuming =0 to correspond to the undeformed state, the
first-order time derivative of z evaluated at the undeformed
state is given as

Z= =z’ +vzTy @)

de 1,20

where z’ =3z/d¢ is the time derivative while the position is
held fixed, and the ‘‘velocity”’ v(x) is the time derivative of
x(t) at t=0. The term vz7v is the contribution of the
particle ‘““motion’’ to the change of state variable.

The foregoing derivative is very similar to the classical
general variation of the calculus of variations.® The general
variation deals with the variation of a functional defined on
a variable domain, allowing the state variable z as well as the
independent variable x (and hence the domain of state equa-
tion) to vary. The principal linear parts (relative to ¢) dx and
6z of the increments x(¢)—x, and z(x(#),f)—z(x,) are
8x=v(x,) and 8z=2(xp).

The material derivative of a domain integral

y= Sﬂ F(z)de

according to Egs. (1-2), can be shown as®’

b= SQ (F+ Fdivy)dg

- Sﬂ (2—52 +Fdivv> do ®)
J= Sn {—gg—z + [(—g—f—Vz) Tv+Fdivv]}dQ
- Sﬂ (—%?z')d9+ Sr FVn ds “
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where Vr=v"n is the normal component of the design
velocity along boundary I' and div v denotes the divergence
of v. The last equality is found from an application of the
divergence theorem that requires that Fv be continuously dif-
ferentiable.® If such a requirement of regularity is not ful-
filled, Eq. (4) should be modified to include an extra term that
consists of the jump of Fv defined along the interface where
discontinuity happens.

It is important to note that, in general, not only do the
discontinuities of function F occur in the shape optimization
formulation but the location possessing discontinuities of
function F also move in the iterative shape optimization
algorithm. As an example, in the problem of shape optimum
design of an elastic hollow bar, the torsional rigidity K is
considered as the cost function,

K= Sn eTvzdQ

where e is the position vector and vz is the gradient of stress
function. It is clear that the term of e vz will have discon-
tinuities across the element boundaries if the finite element
displacement method is used for analysis of stress function z.
Furthermore, it is known that mesh regridding is a necessary
step in the direct method of shape optimization, in order to
avoid the distortion of finite element grids. At each iteration,
the locations of internal nodes will move according to the
perturbation of the design variables defined along the
boundary. Of course, such nodal movements will change the
positions where the discontinuities of e’ Vz occur.

To take the discontinuities and the nodal movements into
account, an improved computational method for shape op-
timization is presented in the next section.

I1. Finite Element Method and Speed Method

As discussed in the preceding section, there are two impor-
tant ingredients in a shape optimum design algorithm, i.e.,
finite element discretization and mesh regridding. The
former introduces discontinuities of function across the ele-
ment boundaries; the latter makes those discontinuities
move. Thus, the nonzero term Fv in the derivation of
Eq. (4) is not continuous across the boundary elements, and
Eq. (4) cannot be directly applied without modification.

The idea of material derivative is still applicable. How-
ever, instead of employing the material derivative for the
whole domain, it is proposed that it be used only for each in-
dividual finite element. To this end, it is found that Eq. (3) is
more useful than Eq. (4) since it is difficult to obtain the
value of z’ along the element boundaries. There is a signifi-
cant difference between Eqgs. (3) and (4) with respect to the
velocity field. The velocity field in Eq. (3) is defined at every
point within the domain but is defined only on the boundary
in Eq. (4).

Methods for computing the distributed velocity field over
the whole domain have been proposed by Cea’ and
Rousselet.® Angrand,!! Haug et al.,” and Choi and Seong!?
have also employed a formula similar to Eq. (3) to compute
the domain variation. However, the effect of internal-nodal
movements on the shape design sensitivity has not been
discussed in the literature. In the following derivation, Eq.
(3) will be applied to attain the domain variation for all
discretized elements in the domain.

The shape optimization of a grooved hollow shaft will be
used as a model example here. The torsional rigidity is given
by

K= Sn eTvzdQ &)

And Clapeyron’s theorem yields the following equality for
the torsional stress function z,13

Sn V2T v2dQ+ SQ eTV2zdQ=0 ©)
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where z is zero on T'y and is an arbitrary constant on T';.
After finite element discretization, Eqs. (5) and (6) can be
rewritten as

K=Y, S €T v zdQ,
T Y%
and

n

)Y Sn_ (V2TVz+eTv2)dQ, =0

1 i

where n is the number of finite elements and Q; is the area of
ith element. Taking the material derivatives of preceding for-
mulas by using Eq. (3) yields

1

) :
k=Y SQ (6TVz+el vz + (eTVZ)divw}d2, (1)
L s,
and

. : :
Y Sn (2vzT vz +eT VZ +67Vz
~ Jo,

1

+(vzTvz+eTvz)divw}dQ;=0 ®

with the help of the following definitions:

. de
T dt

t=0

and

——'—z—= d(vz)
T}

¢

I

0
It is derived from Refs. 6 and 11 that
VZz=VZ—(Vv V) )]

where the matrix Vv represents the gradient of velocity vec-
tor, and é=(x,,%,}7 = {v,,v0,}T=v, in which v, and v, are
velocity components along the x, and x, directions, respec-
tively. Therefore, one has the following equality:

" . .
Y Sn (VzT vz +e Vz)dQ,-
1 i

n
=) Sn (vZTvi+eTvZ)de,
- Jo,

1

- Y | (vzraT(vyvaan, (10)
L g,

1

Recall the variational formula for the torsion of an elastic
hollow bar,* which is to find the solution zeH such that the
equality

Sn vzTvzdQ+ Sn eTvzdQ=0 1n

is true for all ZeH, where H is the kinematically admissible
function space defined as H= {ZeH'(Q) 1Z=00n T, and Z=¢
on Ty and 7=¢q on T;} for an arbitrary constant g, and
H'(Q) is the Sobolev space of order one. Since zeH, Z=00nT,
and z=¢ on I';, where ¢ is also a constant. It can also be
shown!! that zeH'(Q). Thus, the first term on the right in Eq.
(10), which is the discretization form of Eq. (11) with £=2ZeH,
is identical to zero. In other words, the relation of Eq. (10) can
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be reduced to

n

x|

(VzT vz +el Vz>d9,.

1 ]

-- ) SQ (Vz+e)T(Vvvz)de,
1 i

Substituting the preceding result and the relation é=v into
Egs. (7) and (8) yields

. n
k=% |,
and

i,

e vzd+ Y, §Q (vTVz+eT vzdivw)de; (12)

i 1

n

o7 vzdQ,= Y SQ (~2(Vz+e) (Vv Vz)

i 1 1

+v79z+ (VT vz +e7vz) dive}dl; 13)

Finally, replacing the term with (-/vz) in K by Eq. (13),
one can express the shape design sensitivity of the torsional
rigidity in terms of shearing stresses Vz, position vector e,
and the velocity field v in each individual element

n
K=2 E SQ {—(Vz+e)T(VVvVZz)
1 i
T
+vIvz+ <—V—§EE+eTVz)diVV]d9i 4

Note that the foregoing equality is a linear functional of
velocity field v. The stress function z can be interpolated, ac-
cording to the finite element method, as

=Nz (15)

where N is a matrix of shape functions, and z is the vector of
nodal values. The position vector e at any point in the ele-
ment domain can be interpolated by the shape functions and
the coordinates at the nodal points.!* For a triangular ele-
ment, the position vector is simply vector form

e=(x,»)'=Lx (16)

where L is a matrix of area coordinates L, (x;, ;) is the
nodal coordinate, and x is a vector of nodal coordinates.

The question of defining the velocity field remains. To be
consistent with the finite element discretization, the velocities
at the nodes may be chosen as independent unknowns
denoted by nodal velocities. The velocity at any point within
the element can then be expressed by the linear combination
of shape functions and nodal velocities.!>!5 Note that the
shape functions used for the stress function, position vector,
and velocity may be different. As mentioned in Ref. 5, it is
required that the continuity of the velocity field be at least
veCO(Q). It is well known that the displacement field defined
in the constant stress triangle possesses C%(Q2). Consequently,
the linear shape functions can be adopted here to interpolate
the velocity field within a triangle. Let the nodal velocities of
a triangle, (u;,v;) be defined as shown in Fig. 1.

The velocity components at any point within the triangular
element are then given by a matrix form

v{x,y)=Lv )

where L is a matrix of area coordinates L;. In general, it is
not beneficial to treat all the nodal velocities as design
variables. First, the optimum design may end up with too
many design variables; second, such treatment might distort
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the finite element grid too much (unless certain geometric
constraints associated with the mesh have been introduced).
To limit the size of the optimal design problem, a function
that relates the internal-nodal velocities and the velocities of
the boundary nodes is usually introduced into the problem
formulation. Of course, only boundary nodal velocities will
be considered as the independent design variables.

As an example, the mesh of the grooved hollow shaft is
arranged in such a way that any vector connecting the center
O and the vertex of any outer boundary Q will pass a nodal
point P of the inner boundary (see Fig. 2.) The angle be-
tween this vector and the x axis will remain constant during
the shape design process. For our study, the inner boundary
is approximated by a polygon with 26 vertices, and the radial
distance between O and P will be considered as a design
variable. Therefore, there are 26 design variables for this
problem. If it is necessary to vary the outer boundary, the
radial distances between O and nodes on the outer boundary
can be defined as design variables as well. All the nodal
points between P and Q will be restricted to move along the
radial direction O-P-Q. The ratios o; of movements of nodes
between P and Q (including P and Q) are assumed to be 1,
0.72, 0.49, 0.3, 0.14, and 0.0. In other words, if node P
moves one unit inward, then the adjacent node will move
0.72 unit inwards as well, etc. Finally, it is concluded that
the internal velocities of node k, v,, can be expressed as a
function of the nodal velocities b; of the boundary node i,

*2)

-

X1
Fig. 1 Nodal velocities of a triangular element.

Fig. 2 Finite element model (coarse mesh).
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through a transformation coefficient a; (oy.0;),
v, =a; (o, 0;) - by

where oy is the ratio of the nodal movements between inter-
nal node k and boundary node i, and 6; is the angle of
moving direction associated with the boundary node i.
Substituting the preceding relation into Eq. (17), the velocity
at any point can be written in terms of «y, 6;, and the nodal
velocities at the boundary nodes:

v=LAb
Note that the nodal velocities b along the boundary are

exactly defined as the perturbations of the design variables
&d, i.e.,

b=dd
Thus
v=LAbd (18)
\|/
Y
A A

Fig. 3 Finer finite element mesh for shaft with keyway.
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Substituting Eqgs. (15), (16), and (18) into Eq. (14), one
can perform the integration to obtain the shape design sen-
sitivity of torsional rigidity over discretized elements without
much difficulty.’l3 Finally, the shape design sensitivity of tor-
sional rigidity K can be presented by the following vector
product:

K=10"5d

where ¢ is the sensitivity vector. Now that the problem is
finite dimensional, any well-known gradient-based mathe-
matical programming technique can be employed to find the
optimum shape iteratively.

III. Numerical Results and Discussions
Shape Design Sensitivity

The shape design sensitivity of torsional rigidity for a
grooved hollow shaft is the first example to be investigated.
The material is assumed isotropic. The radius of the outer
boundary is set as 2.0 units. The radii of the hole are varied
from 0.4 to 0.95 units. The width and depth of the keyway
are 1.0 and 0.5 units, respectively. Only the contour of the
hole is pertubed. Linear shape functions are used for the
finite element analysis. Two kinds of meshes are considered:
a coarse mesh with 153 nodes and 252 triangular elements, as
shown in Fig. 2, and a finer mesh with 287 nodes and 474
triangular elements, as shown in Fig. 3. For comparison with
Eq. 14, the design sensitivity of torsional rigidity is also
calculated by using the following equation*

K= Sri (%)st (19)

The above equation is derived based on Eq. (4), which
does not consider the effects of discontinuities of e7 Vz and
internal-nodal movements. The sensitivity results corre-
sponding to different meshes are listed in Table 1. It is noted
that the design sensitivity calculated by using Eq. (19) is ac-
ceptable when the radius of the hole is large. However,
neither the coarse nor finer mesh obtains satisfactory results
when the radius becomes smaller. To have a better under-

Table 1 Shape design sensitivity analysis

Direct difference

Conventional method, Eq. (19)

Improved method, Eq. (14)

Radius, r Ko if))-K(b) /2? (2)1(1) x %o Ig)b (3)1_(1) x %
Coarse mesh
0.4 0.1058026 x 103 0.1566808 x 102 1380.88 0.9636332x 10~4 —-8.92
0.45 0.6965585x 103 0.2317506 x 102 232.71 0.6825605 x 103 —-2.01
0.6 0.4099872 x 102 0.6262908 x 102 52.76 0.4060712x 1072 —0.96
0.8 0.1480705 x 10! 0.1799805 % 10~ 21.55 0.1408688 x 10! -0.81
0.95 0.3074586 x 10! 0.3529341x 107! 14.79 0.3049462 x 10! —0.82
CPU time (DEC-10) 2.91s 5.56 s
Finer mesh
0.4 0.3982522x 1073 0.1519077 x 102 281.44 0.4387125x 1073 10.16
0.45 0.9993966 x 103 0.2252647 x 102 125.40 0.1033991 x 102 3.46
0.6 0.4446395 x 102 0.6117125x 102 37.58 0.4449391 x 102 0.07
0.8 0.1530113x 10! 0.1761505 x 10! 15.12 0.1521112x 107! -0.59
0.95 0.3145241 x 10~ 0.3450927 x 107! 9.72 0.3121946 x 10! -0.74

CPU time (DEC-10)

6.79 s

10.78 s
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standing of this, it is helpful to study the following example:
Example: A step function with two fixed constants 4, and 4,
is given as:

h, O0=sx<a
h;, asx<b

f(x)={

Let points @ and b move to @’ and b’ by Az and Ab units,

Position x 10”1

Fig. 6 Distribution of e” v z(r=0.95).

respectively. Find the corresponding change in the functional:
b
v=|, fedx

The dotted line shown in Fig. 4 denotes the ‘‘deformed”
function. It is clear that the variation of the above func-
tional, due to the nodal movements, will be the summation
of shaded areas A, =(h, —h,) Aa and A, =h, Ab. However,
the material derivative, Eq. (4), can account for the per-
turbation of the functional with an amount of s,Ab only.
The error induced by the movement of internal node can be
significant, unless the ratio A,/A, is small, which is true
provided Aa<Ab and/or (h, —hy)<h,.

Since linear shape function is used for analysis, the term
eTvz in Eq. (5) corresponding to f(x) in the example
possesses discontinuities across the element boundaries, as
shown in Figs. 2 and 3 along the section AA (indicated in
Figs. 2-3). Similar patterns of stress distributions are also
observed along different radial sections.'? In Fig. 5, where
the radius is taken as r=0.4, the jump of the function along
the inner boundary has similar or even less magnitude com-
pared to the jumps along the element boundaries. On the
other hand, the function along the inner boundary displays a
significant jump compared to the jumps along the element
boundaries as shown in Fig. 6, when r=0.95. In other
words, the jump along the inner boundary, with r=0.95,
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contributes a bigger fraction of the domain variation of
functionals than in the case of r=0.4. Thus, recalling the ex-
ample, it is possible, in the case of r=0.95, to achieve accep-
table accuracy in the shape design sensitivity result analyzed
by using Eq. (4), though the effect of movement of the inter-
nal nodes is not considered in the formulation of Eq. (4).

It is obvious that the current approach provides vast
improvement. It also confirms that the internal-nodal move-
ments do have significant effect on the shape design sensitiv-
ity analysis. Table 1 indicates the CPU time for shape design
sensitivity, which includes two finite element analyses and
one evaluation of gradient, Eq. (14) or (19). It shows that
the conventional technique, which employs Eq. (19) without
considering the effect of internal-nodal movements, has an
advantage in computational efficiency over the current
technique.

It can be seen from Table 1 that by using the proposed
method the accuracy of shape design sensitivity analysis for
the studied example is almost irrelevant to the mesh pattern.
The results of Table 1 show that the accuracy of shape
design sensitivity differs depending on the radius. This may
be attributed in part to the nonlinearity of the shape design
problem. However, it is still a somewhat open question.

The next subject for study is the change of the domain
functional caused by the internal-nodal movements while the
shape of the domain where the functional is defined remains
unperturbed. An interesting application of such a case is the
problem of meshing optimization,'® which can minimize the
numerical error by relocating the internal nodes. The total
potential energy is one of the widely used error measure-
ments for finite element analysis.!” It is known that the total
potential energy is proportional to the torsional rigidity of a
torsional bar, according to the Clapeyron’s theorem. Thus,
Eq. (14) can be used directly to calculate the design sensitiv-
ity of the numerical error which, of course, corresponds to
the finite element analysis of an elastic hollow bar in torsion.

The finite element model to be used is shown in Fig. 7.
Only one-quarter of the whole cross section is considered
because of symmetry. These are 24 triangular elements and
20 nodes. Again, linear shape functions are used for the
finite element analysis. For simplicity, the (r,0) coordinate
system is used to denote positions of nodes. During the per-
turbation, the coordinate r’s of nodes 1-5 and 16-20 are fixed
as five units and two units, respectively, and the 6’s of nodes
1, 6, 11, and 16 and 5, 10, 15, and 20 are fixed as 0 and 90
deg, respectively. The rest of the coordinates, 22 in all, are
considered as design variables. Since there is no boundary
perturbation, there is no normal velocity along the bound-

Fig. 7 An example for meshing optimization.
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ary. Therefore, even with internal-nodal movements, no
change in torsional rigidity (or total potential energy) is
found, according to Eq. (19), which does not take in account
the movement of discontinuities. On the other hand, the
satisfactory design sensitivity information can be obtained by
using the improved derivation [Eq. (14)], as shown in
Fig. 8. The x and y axes of the figure denote various percen-
tage changes in design variables and changes in the torsional
rigidity, respectively. It can be clearly seen that the predicted
change in the numerical error of the finite element analysis is
closer to the value calculated by the direct difference when
the change of nodal coordinates is smaller. This is because
Eq. (14) represents only the first-order variation and the
problem is nonlinear.

Shape Optimal Design

Once the sensitivity analysis is done accurately, it is not
difficult to determine the optimum shape using any gradient-
based mathematical programming technique.

Again, considering the hollow shaft with a groove for
keyway as an example, the optimum shape is obtained by
choosing cross-sectional geometry of the inner boundary
such as to maximize the torsional rigidity. The cross-
sectional area is restricted to 11 units. The initial value
estimated for the inner boundary is a circle with a radius of
0.45 unit. The optimum design is carried out by using the

kdb

3 e
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©  Direct difference 4
—— Results of Eq.14 6 e
5
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@
o -
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Fig. 8 The shape design sensitivity of torsional rigidity with respect
to perturbations of design variables.

ee]

Fig. 9 Optimum shape of hollow bar with keyway, Eq. (14), with
coarse mesh. A curve: initial design; B curve: optimum design.
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Fig. 10 Contour of inner boundary at 17th iteration, Eq. (19), with
finer mesh.

Fig. 11 Optimum shape for a torsional bar, Eq. (19), with coarse
mesh.
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Fig. 12 Optimum shape for a torsic. al bar, Eq. (19), with finer
mesh.

Fig. 13 Optimum shape for a torsional bar.

Table 2 Numerical results for a torsional bar with hollow cross section

No. of FE No. of

elements and nodes design variables

No. of Optimum Constraint

iterations torsional rigidity (area= 110 units)

Coarse grid

(Fig. 11) 384 and 224 64
Finer grid
(Fig. 12) 960 and 528 96
New grid
(Fig. 13) 144 and 96 48

755 2826.9 107.8
410 2820.8 106.7
191 2830.4 110.38.

linearization method.'® The optimum shapes corresponding
to the coarse mesh shown in Fig. 2 are plotted in Fig. 9. It
takes 16 iterations and 70.4 CPU s on a DEC-10 to con-
verge. For comparison purposes, the conventional approach
[Eq. (19)] is also employed to perform the optimization
based on the finer mesh. The algorithm fails to converge and
stops after 17 iterations, due to failure of line search. The
shape of the cross section at the seventeenth iteration is
shown in Fig. 10.

As a final example, the shape optimization of the elastic
hollow bar in torsion is resolved here. Both the outer and
inner boundaries of the hollow bar are to be designed for max-
imum torsional rigidity. In addition to the constraint on the
amount of material available, the cross section of the bar is
required to be in a 10 X 16 unit rectangular housing. The
optimum shape shown in Fig. 13 is solved by the proposed
technique of Eq. (14). The same problem has been solved in
Ref. 4 by the conventional technique based on two different
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meshes. One mesh has 384 elements, 224 nodes, and 64
design variables, as shown in Fig. 11. The other mesh has
960 elements, 528 nodes, and 96 design variables, as shown
in Fig. 12, It is found that the values of optimum torsional
rigidity are very close for these two meshes; however, the op-
timum contours of the inner boundaries show significant dif-
ference. The boundary with the coarse finite element mesh is
peanut-shaped. On the other hand, the optimum inner
boundary of the finer element mesh is oval-shaped, similar
to the results shown in Fig. 13. Reference 4 indicates that the
improved stress evaluation that yields a better approximation
of design sensitivity coefficients has caused the deviation.

The numerical results for the three outlined cases are listed
in Table 2. Note that with fewer elements, the optimum solu-
tion can be obtained by using the proposed method with
fewer iterations. Moreover, the new method provides better
design because the value of the torsional rigidity is higher
and the equality constraint is better satisfied.

IV. Conclusion and Remarks

One of the computational differences between the shape
optimum design and the conventional optimum design is that
the mesh regridding during design iteration is necessary to
prevent undesirable distortion of the grid mesh. The two in-
gredients in a shape optimum design algorithm—finite ele-
ment discretization and mesh regridding—should be con-
sidered together. The material derivative provides a very
powerful means to derive the shape design sensitivity.
However, the continuity requirement for the integrand of
domtain functional has to be investigated before the material
derivative can be properly applied.

The effect of internal-nodal movements, which is
associated with the mesh regridding, on the shape design sen-
sitivity has been investigated carefully in this presentation.
To obtain a better numerical scheme, it is concluded that the
internal-nodal movements should be considered in analyzing
shape design sensitivity. The preceding discussion also
clarifies the observation!® that using the boundary element
method as an analytical tool benefits the shape optimum
design since there is no internal node at all for the boundary
element method.

A new approach is developed and presented by using a dif-
ferent form of material derivative, which requires the veloc-
ity field over each individual element. The improvement of
the shape design sensitivity is very impressive. Even with the
coarse grid and limited number of design variables, the new
approach still performs very well. While the specific problem
concerns optimization of elastic bars subjected to pure tor-
sion, the basic concepts introduced in this presentation are
quite general.

This presentation has focused on the numerical implemen-
tation of the material derivative (or speed) method for shape
design sensitivity. To reach a compromise between computa-
tional cost and numerical accuracy, a suggestion is offered:
further study to combine a mesh optimization scheme
monitoring cross-element discontinuity and the conventional
method [e.g., Eq. (19)] for shape design sensitivity analysis.
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